We present the development of the realistic geometro-hydrodynamical formalism of quantum mechanics for the spinning particle, that involves the vortical flows and is based on the idea, that the spinor wave represents a new type of physical field, propagating in space-time and influencing the corpuscule embedded in the wave. We assume that this new field created by the intrinsic spin of the particle and can produce new intrinsic forces and torques affecting the particle with spin. We derive and discuss physical effects of this field.
I. INTRODUCTION
The gravity theories with torsion, where torsion is the independent characteristic of the space-time, attracted attention for a long time 1 , 2 . Several mathematical formulations of gravity with torsion were developed. Cartan's torsion, also known as classical torsion 3 , is defined as the part of the affine connection of space-time, which is antisymmetric in its inferior indices. Affine connection is a basic physical feature that gives mathematical definition of the structure of space-time. For the first time E. Cartan have proved that even if the affine connection is not a tensor, its antisymmetric part should be a tensor. In this approach we can represent the affine connection of space-time with torsion ∆ 
symmetric in its two lower indices, where g αβ -is the metric tensor (g αβ g αγ = δ β γ ), and of the contortion tensor
where C αβγ is called the Cartan's torsion tensor, which is antisymmetric in the last two indices
The manifold equipped with this connection was called a "Riemann-Cartan space". The affine connection different from Christoffel symbol characterizes the geometry is not completely described by the metric, but also a independent characteristic -tensor 5 . The metric determines the structure of space-time, and in case of the curved space-time it differs from the metric of the flat Minkowski space-time.
On the other hand, as is well known, the torsion has 24 independent components and can be decomposed into three irreducible components: the torsion vector C β = g µν C µν β , the torsion pseudo or axial vector A β = ε βαµν C αµν and the tensor b αµν . Thus the torsion is represented as a) Electronic mail: mar-tiv@yandex.ru arXiv:1810.04716v1 [gr-qc] 10 Oct 2018
At length, theoretical models, directed on the correct physical interpretation of the torsion, have emerged. Anyway, the torsion tensor undoubtedly represents a novel physical field, and the effects of its interaction with the matter can be predicted. Similarly to such fundamental fields like electromagnetic, which is generated by charge, and gravitation generated by mass, the torsion field should also have its own source. Some theoretical models assign this role to the spin 6 . This common interpretation leads us to the idea that the spin creates a field which changes the structure of space-time. We regard the torsion as not just a mathematical construction but a representation of some physical reality. In the geometrical interpretation, the torsion field must be physical demonstration of the change in the geometry of space-time, the particle in the torsion field must interact with the structure of space-time. In the paragraph below we briefly describe some of the models that have been built to provide correct interpretations of the torsion field and are significant in the context of our work.
In ref.
7 a formalism was presented which makes it possible for a modified form of local gauge invariance and minimal coupling to be compatible with torsion. The torsion is assumed to be determined by the gradient of a scalar function or potential. In the context of this idea the torsion is derived from the potential. The dynamic theory for this potential was obtained. Another more general physical formulation of the torsion has been developed using decomposition of torsion into three irreducible components 5 and representation of torsion via the vector and axial vector decomposition (4) . The interaction of free matter fields with external torsion field had been discussed in set of Refs.
8 -12 . This mathematical approach leads to several interesting physical consequences. The authors of refs.
8 , 9 and 10 discuss the theoretical basis for the search of the possible experimental manifestations of the torsion field at low energies. The Pauli-like equation was derived and contains new torsion-dependent terms which have a different structure as compared with the standard electromagnetic ones. In Ref. 9 , in particular, the author has studied the behavior of spinning and spinless particles in a space-time with torsion, and discussed possible physical effects generated by the background torsion.
Another theoretical research of general relativity with torsion is reviewed in Ref. 13 . The Dirac equation in curved space with torsion is derived and the relationship between string theory and torsion is presented. In the reference 14 the author calculated the probability of spin flip of an electron due to a torsion wave. It had been compared to the electromagnetic case, and ways to detect torsion were discussed.
On the other hand, a group of de Broglie's followers -T. Takabayasi, J. Vigier and P. Holland 15 -20 attempted to derive feasible model of the quantum matter applicable to subsequent formulation of the quantum mechanical theory of a non-relativistic spinning particle. It was shown that this model can be constructed in a quite realistic manner, i.e., the authors have formulated the theory in a form of a specified hydrodynamics of a fluid carrying intrinsic angular momentum to be called "spin". This new geometro-hydrodynamical interpretation connects the hydrodynamical formalism of the quantum mechanics for a spinning particle and the triad structure underlying the classical spin. This formalism leads to construction of a realistic physical model of the quantum matter. The main idea of new interpretation is that the spinor wave represents a new physical field, which exerts an influence on a corpuscle moving within it. The geometrical representation of a two-component spinor with an orthogonal set of coordinate axes -triad was originally developed by Kramer 15 . And the geometro-hydrodynamical representation of a Pauli field as an assembly of very small rotating particles continuously distributed in space was later evolved in Ref.
16 using Kramer's idea. This new consideration describes the Pauli field as a fictitious fluid of small particles bearing intrinsic angular momentum or spin, and introduces a triad structure underlying the classical spin 17 , where each fluid element is represented by this triad and the spin vector is fixed to the third axis of the triad. Based on this, the spinor is interpreted as defining a state of rotation 20 .
II. GENERAL THEORY.
A. Tetrads and anholonomies.
Long before the above articles the theory of gravity with torsion based on the autoparallelism geometry had been developed in Ref. 21 , 22 . In Ref. 23 Cartan hypothesized that "rotation of the matter leads to the torsion of space". He, however, did not specify there, which of the two torsions describes the torsion field generated by rotating matter. Einstein have restricted his description of the accelerated reference frames to the translational relativity. To describe all degrees of freedom in the accelerated reference frame one, however, should introduce a manifold of the local anholonomity rotation coordinates, regarded to as elements of the event space, in order to maintain rotational relativity of physical equations 21 . M. Carmeli has attempted 24 to generalize the relativistic theory incorporating anholonomic rotation coordinates into the structure of the events space. He has formulated principles of the rotational relativity, but did not specify the events space, which cannot be Minkowski time-space. The main purpose of this article is to construct a realistic physical model of a quantum matter using the geometro-hydrodynamical formalism. The main idea that was used in the hydrodynamical representation of the spinor wave is that this field represents a new type of physical field 20 , propagating in space and exerting its influence on a corpuscle of mass m moving with it and embedded in the wave. In this paper we are trying to combine the ideas developed by the abovementioned de Broglie's followers with the concept of a torsion field as a novel physical field generated by the spin. We characterize the spinor as defining a state of rotation using the triad model, -the system of orthonormal vectors oriented with respect to a set of fixed space axis 8 . In other words the spinor determines a system of triad vectors which indicates a state of rotation. Our purpose is to evolve the hydrodynamical model of spinning fluid in the direction of geometro-hydrodynamical interpretation in which each element of this fluid is considered as a triad. The simplest generalization of the three-dimensional Euclidian geometry to the case of the manifold of oriented points is the geometry of absolute parallelism (autoparallelism) constructed on the manifold which is represented as a vector bundle with a base formed by the manifold of the translational coordinates and a fibre specified at each point by the field of an orthogonal coordinate frame or triad e a (x, t), which varies from point to point depending on x, where a is the number of the reference vector, and has rotational degree of freedom. We represent the realistic geometro-hydrodynamical structure of the Pauli field as a fluid constituted by continuous distribution of triads, the dynamics of each being determined by its location in the field. The dynamical evolution of this triad is represented by Euler's angles (ϕ, θ, χ) 9 , which are the coordinates of the fiber. We follow the main concept that the local spin density, is fixed on the triad vector, which can be formed from the Pauli spinor ψ
The natural way is to choose the triad third axis in the direction of spin-polarization Σ i
where the system of vectors e a i determines the state of rotation and has the components with respect to an orthogonal set of fixed space axes c j , which is represented by the rotation matrix λ ab in the terms of Euler angles
where the orthogonal transformation matrix λ ab determines a local transformation in each point of space
The quantum mechanical quantities are converted using the rotation operator, specified by a matrixÛ 1/2 , expressed in terms of Euler's angleŝ
in terms of Euler's angles (ϕ, θ, χ) the rotation matrix has the following form
and the first column of the transformation matrix gives the Eulerian representation of the unit spinor function in the spin space. The spin functions form a covariant basis. When we rotate the reference frame, spin functions are transformed with the operators of rotation U using the equation ψ m = m ψ m U mm . The operators in a rotating coordinate system may be derived using the transformation matrixÔ = UÔU− 1 . The unit spinor, which defines a state of rotation in the spin space has the following representation in terms of the Euler angles
where R is real amplitude.
Further we use Euler's angles to describe rotation. A certain rotation of a reference frame may be represented as the single rotation by the angle ω around the axis n. This description leads to the following expression for the operator of rotation
Physical meaning of the geometro-hydrodynamical interpretation of the quantum mechanics being developed here requires us to move from three-dimensional points manifold of the Euclidian geometry to the three-dimensional manifold of oriented points, defined as points of space bearing the oriented reference simplex and regarded to as rotating solids of infinitely small size. The three-dimensional space in this case is represented as a vector bundle with a base formed by the manifold of the translational coordinates and a fiber specified at each point by the orthonormalized references or triads.
The first hypothesis underlying the geometro-hydrodynamical model of the quantum mechanics is that rotation of an object in the physical space affects its geometry, which takes the form of a three-dimensional bundle defined by internal rotational coordinates, or the Euler's angles. A rotational metric should therefore exist, in addition to translational metric, and be determined with infinitely small rotation around the instantaneous axis of the triad. Rotation of the triad, which makes impossible any description of an object movement that doesn't involve rotational coordinates, has its physical manifestation in the torsion field characterized by Ricci's torsion tensor 21 . The second concept is that the spinor wave characterizing the state of the spinning particle, represents a new type of physical field, the torsion field, which is caused by internal motion of an assembly of the triads. The field of triads is defined in the hydrodynamical representation as a fluid of a continuous distribution of very small rotating bodies. This spatial distribution is specified by the hydrodynamical density ρ = ψ + ψ. The torsion field influences on the corpuscle moving via it through the coordinates of the fiber or set of Euler angles varying from point to point. The dynamical evolution of the torsion field reduces itself to the movement of the center of mass of the ensemble of the rotating bodies. In the other words, the non-observable wave function assumes the geometrical representation and is characterized by real physical field which has the geometrical nature.
The new formalism of the spinor wave field developed in this article keeps to the realistic geometro-hydrodynamical representation based on the ideas of Takabayasi, Vigier and Holland, but is the natural extension of this hydrodynamical formalism of a spinning particle. We try to interpret the wave function in terms of real geometrical form. This new formalism is based on the hypothesis that the fiber space (in the non-relativistic case) is a form of matter existence. Movement of rotating objects in the physical space affects the geometry of the event space, namely, it changes rotational structure of the bundle. The orientation of the triad with respect to the fixed set of space axes is defined by the space and timedependent set of Euler angles φ(x, t), ϑ(x, t), χ(x, t). The system of vectors e a , which are defined at each point of space, is orthonormal, determines a state of rotation e 
Using the approach developed in 23 , 21 , we introduce the matrix transformation λ ab (8) denoting the components of triad e a i with respect to the space axes in standard orientation e a = λ ab c b . The tensor of angular velocity of the rotation of the reference frame ω j k can be determined by the relation
Now it is natural to introduce the main properties of absolute parallelism geometry (autoparallelism). The concept of the connection of geometry can be written as
and
where the Christoffel symbols (1), depend on the metric tensor g ij = η ab e 
where
which can be characterized as the object of anholonomity 29 . In case of the flat affine space with torsion, the quantities Υ As a result the angular velocity of the triad must have the geometrical form
where co-moving angular velocity is given by ω a = 1/2ε a bc e b j e c j . The angular velocity 3-vector ω i can be found from the relations defining rigidly rotating Cartesian coordinates. Easy to derive is that, in the flat space, the vector of the triad, which provides a covariant specification of a state of rotation, in the flat space satisfies the equation
which is responsible for the temporal dynamics of the triad vectors.
B. Non-riemannian geometry in Serret-Frenet frame. The elastic analogy.
We formulate the model in terms of an orthonormal triad e a j = e a , which can describe the space spin chain, which is the analogy to the elastic flexible rod. We consider a space curve with unit tangent t, normal n and a binormal b = t × n defined at every point on the curve such that the triad (t, n, b) represents an orthonormal, Frenet frame. The orthonormal triad can be defined as an element of the group of the proper rotation SO(3). The configuration space for spin is organized by the set of points spanned by the vector
where the tangent vector has the definition
where ψ -is the spinor function in the spin space. Here we take into account the characteristic dynamical property of a triad, that the angular momentum of rotation (spin) is fixed on the third axis and has the constant magnitude or, in other words, we identify the spin-polarization vector Σ = e 3 of a particle with the tangent vector of the space curve t. In the Euler coordinates the vector t has the form of
We introduce the configuration of spin chain that is described by the curve producing the position of a point as a function of arc length s. The well-known formulae of differential geometry determine the set of Frenet-Serret equations
where k is the curvature
and τ the torsion of the space curve. The orthogonal trihedral defines the space curve within the rigid rotation by the Darboux vector w = τ t + kb, because when we move along the curve, triad undergoes rotation and this rotation is described by the angular velocity w. The Frenet frame rotates with this angular velocity moving along the curve. In terms of angular velocity the equations (24) - (26) can be written as
On the other hand the geodesic equation (20) for the triad vectors can be rewrite in the form
where the projected connection coefficients have the form of
The rotation of the polarization vector observed Σ has purely geometrical effect due to the non-Euclidian geometry and the path of the spin field defines the congruence of the geodesics of the space. To move from pure geometrical description to the hydrodynamical description we should specify vector and scalar fields that characterize torsion field as an object of "real" physics. In this interpretation a triad is an element of space and constitutes the field of frames which vary from point to point e a (x, t) via the spacetime-dependent set of Euler angles and we transform the interpretation of torsion field in such a way that to introduce the antisymmetric field tensor as a function of the triads field.
Following the description developed in Ref. 26 the analog of 4-vector potential of the triad fluid is
here we introduce the scalar Υ 0 and vector Υ j potentials of the torsion field using the analogy with vector and scalar potentials appearing in the Maxwell's electrodynamics. This representation results from the important method of the theoretical physics that interprets the torsion field in terms of the covariant derivative. In this paper, the Greek superscripts/subscripts are the coordinate indices and stand for 0, 1, 2, 3. The covariant derivative is determined by definition
In the general case the affine connection is not a tensor, but the quantity ∇ α A β is a tensor if the affine connection transforms in a special non-tensor way 9 . In the context of the flat space with torsion, the affine connection is ∆ 
The fundamental equation of a spin-1 2 particle in a space-time with torsion is the Dirac equation
where Ψ is a bi-spinor, c, are the speed of light and Planck constant, and quantity Υ µ has the form
where the Clifford algebra and Pauli matrices satisfy
After simple derivations, the analog of gauge potential Υ j becomes represented by the matrices acting on the spin vector
where σ b are the Pauli matrices and a b j belongs to the adjoint representation of the rotation group. The field Υ µ , in the general formulation, is a non -Abelian gauge field, and has the components which do not commute. The curvature of this field can be determined as
Using the representation for bi-spinor Ψ = ψ χ we obtain two sets of equations
The torsion in this case can be described using the potential and acts like a field. The potentials a t and a encode the spin state. In the Euler angles, determining the arbitrary rotation of the spin frame, they can be represented as
in the adiabatic limit, the off-diagonal components of a b µ can be neglected. In the semi-relativistic approximation the Dirac equation (38) passes into the Pauli equation for a spin-half particles
where the gauge potentials a t and a act on the spin vector.
1. Adiabatic approximation.
In the adiabatic approximation we suppose that the off-diagonal components of a µ are equal to zero and keep only the diagonal (i.e., σ 3 ) components. In this case, the gauge field Υ µ has the form of
the sign ± denote the spin-up and spin-down states. The case of fully spin-polarized system corresponds to selecting the field Υ ad µ↑ = i 2 ∇ µ χ + cos θ∇ µ ϕ . Pauli -Schrodinger equation for the spin-1/2 particles motion in the adiabatic approximation and full-polarized spin system has the form of
whereσ b are the Pauli matrices, is the Planck constant, m denotes the mass of particles, c is the speed of light in vacuum. In our geometrical representation, the triad, as the element of space, has rotational degrees of freedom and determines the fiber specified at each point of the manifold, where the torsion field component (a t , a) determines the rotational movement of the triad fluid (in the hydrodynamical representation).
The new potential Υ, which appears in the Pauli equation (48), determines the stiffness of the spinning fluid, being analogy with the magnetic stiffness in the spin half condensate. After simple calculations, the antisymmetric torsion field tensor can be represented in the form of
where the time and space components of this tensor f αβ (x, t) represent two types of the torsion field, -e(x, t) = f t and vorticity
The existence of spin-vorticity
is obliged to the vorticity of flow with the inhomogeneity of the triad field, divT = 0. The spatial distribution of the ensemble of triads is given by
Differentiation of ρ(x, t) with respect to time and application of the Pauli equation (48) leads to the continuity equation
The center of mass of the ensemble of the triads associated with the velocity field of the particle has the representation
where the last term represents the part of velocity field via the rotational orientations of the continuously distributed triads, it is assumed that the torsion field dynamically evolves so the triad rotates and the center of mass moves. Substitution of the wave function ψ = re iϑ/ in the definition of the basic hydrodynamical quantities leads to the definition for the velocity field mv = ∇ϑ − 2 a and the momentum balance equation for the spinning fluid
The momentum balance equation for the particle in the torsion field has the structure similar to the hydrodynamic equations for the spinor condensate. The first two terms at the right side of the equation (54) describe the interaction with the torsion field, where the first term represents the effect of effective "electric" field on the density and the second term in the definition (54) represents the effective "magnetic" field T arising from the non-uniform spin textures of the Pauli field 26 . The second term is torsion-dependent and characterizes the effect of spin-vorticity on the moving particle. The third term is the effect of non-uniform torsion field on the spin and characterizes the spin-torsion coupling in the non-uniform spin-vorticity field. The fourth term is the quantum Madelund potential, the quantum pressure, which generates the quantum force, and the last term represents the gradient of the spin stiffness of the fluid
This new forces act inside the fluid and arise from the inhomogeneity of spin distribution. New torsion terms have new structure and the model developed here demonstrates the connection between geometry with torsion and geometro -hydrodynamical formalism developed by Takabayasi 15 -20 , in which the hydrodynamical motion represents the motion of a quantum-mechanical spinning particle in such a way that each element of hydrodynamical fluid moves like a spinning particle under the action of internal potential and magnetic field. In the geometro-hydrodynamical representation developed in our article, the torsion field is associated with the fluid constituted by continuously distributed triads defined in the realistic hydrodynamical representation. The equation of motion for the spin vector of particle S in the space with torsion can be derived using the definition for the axial vector of spin density
where the spin current is J i s = sv i , and the term at the right side of the equation (56) represents the torsion torque caused by the interaction with the torsion field inside the fluid. This term is the spin-torsion coupling term and can be interpreted as the torque caused by the interaction with spin-vorticity T. To close the equations set (52), (54) and (56) we need to derive the equation for the spin-vorticity evolution, which can be obtained in the general form
D. The spin helix. The eigenwaves.
Let's describe the helical configuration of the spin t, using a simple form of the hydrodynamical equation of motion for the velocity field (54)
and the equation of motion for the spinning fluid (56), similar to the equation in Ref.
We need to close the set of equations (58) and (59) using the condition of incompressibility ∇ · v = 0 and the Mermin-Ho relation for the spin-vorticity vector T = ∇ × v
The stable local spin forms helical configuration
where the small perturbations of the helical structure have the form of t = t 0 + ε 1 n + ε 2 b, the curvature and torsion are k = sin ϑ, τ = cos ϑ. In the linear approximation the vorticity vector and the corresponding velocity field have the form
where the wave vector has the decomposition k = k x c x + k y c y + k c z , and k
y . The dispersion of eigenwave, characterized by the velocity evolution equation, is ω = 2m q cos ϑk = ω 0 k q , and ω 0 = 2m
The relation (64) expresses the dispersion of wave that emerges as a result of spin dynamics and has some analogy with the dispersion relation, derived in the Ref. 27 .
E. The torsion-hydrodynamical waves
The influence of the external torsion field on the dynamics of spinning particles is not great, similarly to the influence of the magnetic field. But, evolution of spin in the torsion field leads to the existence of new physical effects, described below. We can expect the existence of new physical processes which are the consequence of spin and vorticity dynamics. Spin dynamics causes changes in the wave dispersion in magnetized plasma 28 -32 as well as the existence of novel branches of dispersion in systems of such kind.
Let's to derive dispersion characteristics of eigenwaves in the systems of neutral and spinning particles. To do that let's analyze small perturbations of physical variables (v, s, T) from the stationary state f = f 0 + δf . The unperturbed torsion field represents as T 0 = T z with respect to the propagation direction determined by the wavenumber k = k z + k ⊥ (cos ϕx + sin ϕy), where the spin density is s 0 = s z.
In this case if we assume that linear excitations δf are proportional to exp(−ωt + kr) a linearized set of equations (54) - (57) gives us the dispersion equation
The equation (65) contains dispersion characteristic for the torsion-hydrodynamical wave. In the quantum case we consider this characteristic take on the form of
where β = 2mT .
The contribution of Madelung quantum potential which is of purely quantum origin was taken into account in the calculations. The term proportional to 2 characterizes the influence of the quantum pressure on the dynamics of wave. The term proportional to is the torsion-dependent term and leads from the spin-torsion coupling in the non-uniform spin-vorticity field T . We consider propagation orthogonal to the external torsion field
As we can see, the wave orthogonal to the external torsion field T has the property of stability. Waves that we discovered possess the following feature: their frequencies ω tends to T provided that wave number tends to zero k ⊥ → 0.
III. CONCLUSIONS
The theory developed in this article implements the new formalism of spinor field keeping to the realistic geometro-hydrodynamical representation. We developed the idea of Takabayasi, Holland and Vigier, that the spinor wave must represent a new physical field propagating in space and influencing the corpuscle of mass moving within it. We, at first step, went in the direction of geometrical description and introduced the manifold which is represented as a vector bundle with a base formed by the manifold of the translational coordinates and a fiber specified at each point by the field of an orthogonal coordinate frame or triad. In this non-relativistic interpretation, the triad becomes the element of space and we can identify the triad field as a fluid, and each element of this fluid has rotational degrees of freedom.
Characteristic dynamical property of each triad is that the spin vector of the particle is fixed on the third axis of triad vector. We identify the spinor wave with the field or fluid
